We present the methodology for correlation analysis of chemical bond operators (CACB) on ab initio wave functions. In CACB the wave function is analyzed in a hierarchy of quantities (charge, bond order, bondbond correlation), where each quantity is the expectation value of an operator related to the statistical covariance of the previous quantity. CACB does not require any preconceived notion of which atoms are bonded and should be useful for reasoning about the similarity, stability, and reactivity of molecular systems. CACB does not require any special form of the wave function, but the applications here are for Hartree-Fock (HF) type wave functions. We use CACB to analyze the bonding in a number of molecules including transition states for several reactions. This analysis extracts chemically useful information without using preconcerned notations of bonding.
I. Introduction
Progress in quantum chemical (QC) calculations of organic and inorganic molecules has made it practicable to calculate the structures and wave functions for very large molecules, including the transition states (TS) and reaction intermediates involved in complicated but important reactions. Indeed the structural parameters, activation energies, and other properties are rapidly approaching the point where their reliability is sufficiently high to be trusted in the absence of experimental data. However, the interpretation of wave functions has lagged behind these developments in extending the methods. Thus, QC papers will often discuss only structures, energies, and vibrational frequencies, with no discussion of the wave function and how it can be used to understand these properties. This is unfortunate since the possibility of interpreting the wave functions is the unique attribute of quantum chemistry. The problem is that the wave function has too much information. The difficulty is extracting a few salient parameters that provide chemical intuition useful in qualitative reasoning.
One strategy to extracting chemical information is typified by generalized valence bond (GVB) theory. 1 This utilizes a particular way to incorporate electron correlation and then extracts concepts directly from the GVB wave function. These GVB concepts are often closely related to valence bond concepts developed from empirical reasoning, and such GVB interpretations have often been useful for understanding the mechanisms of chemical reactions and the relationships between structure and energetics for various systems. 2 However, many ab initio studies involve very highly correlated wave functions not amenable to such orbital analyses. In addition, some firstprinciples methodology [density functional theory (DFT)] builds the electron correlation effects into a density functional that does not lead simply to GVB-like orbital interpretations. Thus, we wish to find a general way for extracting an interpretation directly from the wave function, without a preference for the particular nature of the wave function.
There have been several attempts to deduce electronic character directly from the wave function. 3 Most attempts at interpreting wave functions in terms of chemical concepts have focused on atom-centered properties (such as hybridization, valence, and partial atomic charges) or on the chemical bond (such as bond order, polarity, and bond energies). Mulliken population analysis continues to be the most popular, but new approaches such as the natural bonding orbital analysis (by Weinhold et al.) 4 and the atoms in molecules method (by Bader et al.) 5 have been developed and applied successfully to various systems. The descriptions of electronic structure produced by such approaches are generally in agreement with empirical notions about atoms and bonds in a molecule. This has allowed the molecular properties and chemical reactivities based on accurate ab initio wave functions to be discussed in terms of qualitative concepts.
Probably the most useful information to extract from such chemical concepts is the chemical reactivity. Thus, from a wave function of the molecule one would like an algorithm that would predict the relative ease of breaking various bonds and how attack on one bond might affect others. At the heart of considerations about chemical reactivity is how pairs of bonds interact with each other as bonds are distorted and exchanged during the reaction. The chemical reaction process can be viewed as in eq 1 in which the arced arrow indicates how the covalent bonds couple or moVe during the course of the reaction. We refer to such coupling as bonds correlations with the plural bonds emphasizing that it is the correlation between two bonds that is being discussed rather than correlation within a bond. The physics underlying such bonds correlations is the Pauli principle, which for the simple Hartree-Fock (HF) wave function can be expressed as not allowing occupation of one localized molecular * Author to whom correspondence should be addressed. orbital by more than two electrons. For wave functions containing electron correlation (GVB, MP2, MRCI), the Pauli principle can be expressed as allowing bond pairing (spatially symmetric or spin-singlet coupling) of no more than two electrons at a time. Thus, during a reaction the Pauli principle requires that as one bond is newly forming another bond must be breaking (generally there is not an increase in valence at the exchange center). Such considerations lead directly to selection rules whereby some reactions must necessarily have large barriers while others are allowed to have small values. 2b,6 The implications of such bonds correlations are not limited to chemical reactions. For example, the molecules formed from the left half of the periodic table (groups 1-13) often have more valence orbitals available than electrons, leading sometimes to bonds very different than the simple two-electron bonds characteristic of columns 14-17. For example, one might think of the diborane molecule (eq 2) as either (a) having two distinctive bonds between a bridge hydrogen and the two boron atoms (where each bond accounts for one electron) or (b) having one three-center two-electron bond for each bridge hydrogen In bond scheme 2a, the two bonds sharing one hydrogen are obviously coupled because there are only three atomic orbitals (AO) and two electrons available for these two covalent bonds. This situation becomes even more complicated for metal clusters. Thus, for icosahedral Li 13 + , there are 12 Li-Li bonds to the central Li plus 30 Li-Li bonds involving only surface atoms. 7 With just 12 valence electrons there are clearly couplings between the bonds.
In order to help clarify such dynamic bonds correlation effects, we devised an index for analyzing the degree of coupling between bond pairs. The approach, which we refer to as correlation analysis of chemical bonds (CACB) , is based on standard statistical methods and does not rely on any specific form of the wave function. Thus, it can be used for HF, GVB, MRCI, Meller-Plesset, and DFT wave functions. CACB provides a correlation coefficient, γ IJ , between the covalent bond orders for any two bonds, I and J. This index is complementary to the atomic charge and bond order indices for characterizing the electronic structure of a molecule. The integrated formalism can be utilized in chemical similarity analyses for molecular systems.
In Section II we derive the CACB method. Although the approach is general, the specific equations developed here are for single Slater determinant wave functions. Section III reports results for various molecules and reactions and discusses some of the interpretations.
II. Method
A. The Covariance Hierarchy in Describing Electronic Structure. Our approach to describing the electronic structure is a hierarchy that starts with (i) a definition of the atomic charge, Q A , in terms of the expectation value of an atomic charge operator, q A .
such that the values of Q A correspond reasonably well to common concepts. A particular form of atomic charge operator is given in Section II.B.
(ii) Starting with the atomic charge operators we define the bond order operator, Î AB , as the covariance form of the charge operators for centers A and B Here R is a multiplicative scale factor for normalizing the units. The bond order, I AB , is obtained as the expectation value of the bond order operator, Î AB (iii) Starting with eq 4a, we define the bonds correlation operator, γ AB,CD , as the covariance form of the bond operators for bonds AB and CD
The bonds correlation coefficient, γ AB,CD , is the expectation value of γ AB,CD The use of the coefficients for charge (Q A ), bond order (I AB ), and bonds correlation (γ AB,CD ) leads to a hierarchical description of the electronic structure for a molecule. The process is (a) compute charges from the charge operator, (b) combine the charge operators to obtain bond order operators from which the bond orders are obtained, and (c) combine the bond order operators to form bonds correlation operators from which the bonds correlation coefficients are obtained. This process could also be extended to higher order. At each step we define a multiplicative scale factor for normalizing the units so that the computed properties conform to empirical concepts about atoms, molecules, and reactions.
B. The Atomic Charge Operator. Once an atomic charge operator is defined, the CACB description of electronic property is unique. Here we define the atomic charge operator for atom A in eq 6 8 This choice for the atomic charge in eq 6 is equivalent to the Mulliken gross atomic population. Other choice for the atomic charge operator could be localized orthogonal atomic orbitals, such as natural atomic orbitals (NAO's). 4a In eq 6, the summation runs over the atomic orbitals {a} belonging to A. The brackets (〈 ) and ( 〉) denote 〈HF| and |HF〉, respectively. The creation and annihilation operators satisfy the commutation relations in eq 7 which uses a mixed covariant and contravariant basis (〈a|b h〉 )
where R ) -2 (4a)
δ ab ) since atomic orbitals are generally nonorthogonal. For orthogonal atomic orbitals we read a ) a j in eqs 6 and 7. Our representation does not distinguish between an atom and a group of atoms. Thus we can consider the charge for a group of atoms, 〈q G 〉 ) Q G , where G consists of several atoms.
C. The Bond Order Operator. From eq 6, we construct the bond order operator as
The expectation value of σ AB is Replacing the 〈 〉 terms with the density matrix components for a single determinant wave function, given in the Appendix, leads to the results in eq 10 Here where C i,a and C i b denote the covariant and contravariant coefficients, respectively, of the ith molecular orbital. (Note that we define P a b as half of the usual bond order density matrix components.) Equation 10 corresponds to the bond order quantity known as the Mayer bond index, 9 originally introduced by Giambiagi et. al., which is the extension of the Wiberg bond index 10 to nonorthogonal basis sets.
Giambiagi 11 and Mayer 12 have shown that I AB is related to the covariance form of the atomic charge operators in atoms A and B, as in eq 8. Bond indices such as in eq 12 are known to give intuitively acceptable bond orders (approximately one for ordinary single bonds and two for ordinary double bonds). We will see below that the bond orders computed for HF wave functions give values in agreement with chemical intuition for most bonds.
The bond order in this definition may be computed for two groups of atoms as well as for two atomic centers.
D. The Correlation Coefficient between Bonds. Extending the idea of the bond order operator constructed from the atomic charge operators, we use standard statistical procedures to define the bonds correlation operator, γ AB,CD , from the two bond operators. Thus, we construct Replacing the operators σ AB and σ CD by the definition in eq 8, the expectation value of γ AB,CD becomes the bonds correlation coefficient where Thus, our objective quantity σ ABCD is connected to fourth-order density matrix algebra. (Note that q A ) ∑ a∈A a + a j -.) The expectation values are computed for each 〈 〉 term of eq 14 as given in the Appendix. Density matrix algebra for terms appearing in eq 14 were also derived by Giambiagi and coworkers. 13 Using the abbreviations in eq 15
Equation 14 leads to the expressions in eq 16 with which the
correlation coefficient in eq 13 is computed
The bonds correlation coefficient γ AB,CD dictates how two bonds interact with each other. Thus the sign of γ AB,CD is positive when the A-B and C-D bonds both form or break simultaneously, while a negative sign means that forming the A-B bond is correlated with breaking of the C-D bond and vice versa.
III. Results and Discussion
We will now use the CACB descriptive scheme to discuss the electronic structure and the reactivity of molecular systems. In the following, we used Gaussian-94 for HF calculations. 14 A. CACB with HF Wave Functions, Basis Set Dependence. Energetic quantities (activation barriers, bond energies) can be quite sensitive to the level of wave function and to the basis set; however, a useful interpretive analysis (charges, bond orders, bonds correlations) should be relatively insensitive to the level of wave function or the basis set. Consequently we carried out CACB on the HF wave functions using two basis sets for a number of molecular systems, with the results in Tables 1-4. Here we considered an extended basis (valence double-plus polarization functions, 6-31G**) and a minimal basis (STO-3G). We find that for most systems the bonds correlation coefficients (γ IJ ) give similar results for minimal and extended basis.
The root-mean-square (rms) difference between minimal and extended basis in Tables 1-4 are computed to be 0.126 (Q A ), 0.069 (I AB ), and 0.034 (γ IJ ). (Multiplicity of the Q A , I AB , and γ IJ in a molecule is taken into account.) That the charge (Q A ) and the bond order (I AB ) are nearly independent of basis is expected since they have intrinsic significance. The observed independence in the γ IJ quantity suggests it to also be a fundamental electronic property. We note that the basis set dependence decreases in the order of Q A , I AB , and γ IJ , as the electronic property becomes higher order in the covariance hierarchy. 
Bonds Correlations between CoValent Bonds.
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close to the formal bond orders. (Table 2) . Thus, for ethylene, C-H bonds on different centers lead to small values [γ IJ (C-H, C-H; cis) ) 0.000 and γ IJ (C-H, C-H; trans) ) 0.004], whereas bonds at one center are positive [γ IJ (H-C-H) ) 0.274]. For C-H bonds on different centers of C 2 H 2 , C 2 H 4 , and C 2 H 6 we find that |γ IJ (C-H, C-H)| < 0.01 for all cases. Tables 1 and 2 show that bonds correlations decrease to zero as there are additional bonds between them. Thus, although a molecule with N bonds has N(N + 1)/2 bonds correlation pairs, the number of nonzero coefficients is of order N. The basis set dependence for the bond order between the terminal oxygens is also large in SO 2 . Thus, as the basis is extended in SO 2 , I AB (O-O) changes from 0.468 to 0.115. In contrast, for O 3 the increase in basis changes I AB (O′-O′) from 0.500 to 0.363.
B. Hydrogen and Donor-Acceptor Bonds. Bonding interactions involving hydrogen bonds and donor-acceptor (DA) (Lewis base-Lewis acid) bonds are given in Table 3 .
1. Water Dimer. For a hydrogen-bonded system such as water dimer, the hydrogen bond order is small and changes little (0.054 to 0.056) as the basis is extended. The hydrogen bond has very small correlations (0.02 to 0.03) to adjacent O-H bonds. A similar tendency is observed for DA bonds (vide infra).
2. Donor-Acceptor Bonds. For typical DA complexes, such as BH 3 -NH 3 or AlH 3 -PH 3 in Table 3 , the DA bonds are much stronger than a hydrogen bond, with I AB (B-N) ) 0.453 and I AB (Al-P) ) 0.279. The DA bond orders decrease significantly upon extending the basis (0.561 to 0.453 for B-N and 0.336 to 0.279 for Al-P). This may arise from the basis set superposition error (BSSE) expected for MO's in such systems. For DA bonds the correlation to adjacent bonds is positive (0.08 and 0.05) but smaller than ordinary intramolecular bonds correlations (0.2 to 0.3). The basis set dependence is also negligible.
3. Diborane. In diborane (Table 3 ) the bridge bonds are best described as a three-center two-electron bond (B-µH-B′). Indeed the partial bond order between the boron atoms is significant, I AB (B-B) ) 0.47 compared to (B-µH) ) 0.48. This suggests that the four electrons are involved in multicentered bonds involving both boron atoms and both bridge-hydrogen atoms.
Alternatively, we can consider diborane as a resonance of two bonding configurations, one with bonds B-µH and B′-µH′ the other with B-µH′ and B′-µH. This would lead to average bond orders of I AB (B-µH) ) 0.48, as observed. In this view each BH bond can interact with the empty in-plane π orbital of the adjacent BH 3 , as in NH 3 -BH 3 . This leads to the bond order of 0.73 for each B [I AB (B-µH) plus half of I AB (B-B)], stronger than the DA bond of I AB ) 0.45 for NH 3 -BH 3 .
In DA complexes such as NH 3 -BH 3 and diborane, the sum of the bond orders in Table 3 (6.042 for BH 3 -NH 3 and 6.346 for diborane) exceeds the value of 6.0 expected for two isolated molecules. This difference arises from the extra DA bonding. The nitrogen lone pair of NH 3 or the B-H bond of BH 3 forms a partial covalent bond with the boron vacant orbital of BH 3 . This partial covalent bond contribute to a total bond order exceeding the sum of formal bond orders. 
CACB shows some bonds correlations of diborane to be negative, namely, the bond correlations between the B-µH 
C. Chemical Reactions and Transition States (TS).
Bonding schemes for the TS of some simple reactions are shown in Table 4 . Although CACB is a general formalism, the particular choice used in this paper is only on the Mulliken-type charge operator as in eq 6 (referred to as the Mulliken charge operator). The results in Tables 1-4 show that the basis set dependence of charge, bond order, and bonds correlation is not very significant. However it is known that Mulliken population analyses can give unrealistic values for highly extended basis sets. 15 Also the Mulliken charge operator is non-Hermite and be problematic in calculating the bonds orders and bonds correlations.
One approach to avoiding this problem is to use a localized orthogonal atomic orbital set. An appropriate choice will be the natural atomic orbitals (NAO) of Weinhold et al., 4a which we briefly analyze here. We write the NAO charge operator as with the associated first-order density matrix where n i denotes the occupation number of ith NAO. (For RHF, n c ≈ 2, 0 e n V e 2, n r ≈ 0; for UHF, n c ≈ l, 0 e n V e 1, n r ≈ 0.)
The important terms in the charge operator, eq 17, are those with nonzero occupation numbers in eq 18, i.e., the core and valence atomic orbital terms. These terms interact through the first-and higher-order density matrices and contribute expectation values. If such finite occupied atomic orbitals are welllocalized at each atom and consistent (transferable) between different basis sets, we obtain physically meaningful consistent results with CACB formalism.
1. Mulliken Versus NAO Charge Operator. Table 5 shows the charge, bond order, and bonds correlation properties for selected molecules in Tables 1-3 calculated using the NAO charge operator, eq 17, with highly extended basis sets, such as cc-pVTZ and AUG-cc-pVTZ. These results are compared with those using the Mulliken charge operator, eq 6, for SO 2 molecule. In this example, the charge and bond properties are still similar between different basis sets. However, the CACB properties are much less sensitive to basis for NAO, eq 17, than for Mulliken, eq 6. For example, with Mulliken the bond order I AB (O-O) is large (0.51) in minimal basis and small (0.03-0.15) in extended basis, whereas with NAO it is 0.22 for nonminimal basis sets. Also, the Mulliken charge operator leads to a nonmonotonic change in the bond order as the basis is extended. It decreases from 0.12 to 0.03 upon adding diffuse s and p functions to the 6-31G** basis set but increases to 0.15 for the highly extended basis, AUG-cc-pVTZ. The bonds correlation coefficients also show particular deviation in the 6-31 ++ G** case.
The NAO charge operator gave quite consistent results for these quantities with double-and highly extended basis sets. Thus for the extended basis (6-31G** through AUG-cc-pVTZ), the largest deviation is 1.9% in γ IJ (O-S-O) of AUG-cc-pVTZ.
In addition, we also evaluated those properties with natural minimal basis (NMB) in AUG-cc-pVTZ. 4a NMB includes the same number of atomic orbitals as the minimal basis set (e.g., STO-3G), but each atomic orbital is determined on the basis of the NAO procedure with HF/AUG-cc-pVTZ. We also consid- The NAO results for BH 3 -NH 3 are also given in Table 5 . Computed properties are consistent among the extended basis sets. The largest deviation is 4.8% in Q A (H N ) of AUG-cc-pVTZ. The DA bond order (0.56-0.59) increases slightly as the basis is extended from 6-31G** to AUG-cc-pVTZ. Here NMB gives results quite similar to the full basis.
For both SO 2 and BH 3 -NH 3 , the STO-3G results are quite different from the extended basis set results. Thus the STO-3G basis is inadequate with too limited freedom to properly define the atomic orbital space and HF density.
2. Bonds Correlation and CoValency. In Table 5 , we also compare the NAO results for methane and neopentane. Here we are particularly interested in the bonds correlation effect for very covalent (C-C) and partially covalent (C-H) bonds. Using the NAO charge operator, we obtain γ IJ (C-C-C) ) 0.06 for neopentane, much smaller value than for any other adjacent bonds correlation coefficients. (γ IJ (H-C-H) is 0.23-0.25 in both molecules.) This indicates that the bond orbital spaces are exclusive with each other for covalent bonds in neopentane Figure 1 . These structures correspond to the intermediates and TS for the simultaneous exchange of two bonds. Thus, there are four electrons involved in a total number of four bonds. The structures in Figure 1 were obtained assuming C s point symmetry. In (a), the hydrogen molecule inserts into the Ti-H bond of Cl 2 TiH + , and in (d), the ethylene molecule inserts into the Zr-C bond. (b) and (c) correspond to the model metathesis reaction in which ethylene cycloadds to the TidC bond. The CACB description of bond correlations is quite similar for each of these TS's. In (a), (b), and (d) negative correlation coefficients were obtained for the γ IJ (1, 2) and γ IJ (3, 4) interactions. An extra diagonal bonding interaction, bond 5, has a negative correlation to the other four bonds.
For the metathesis case, the intermediate (c) and TS (b) optimize to similar four-membered structures. Geometric parameters (in Å) for R(1), R(2), R(3), R(4), and R(5) are 2.286, 1.381, 2.471, 1.876, and 2.492 for the TS, and 1.959, 1.575, 1.575, 1.959, and 2.392 for the intermediate state, respectively. However, the electronic structure descriptions 
0.000 0.000 γIJ(C-C, C-H; anti) 0.002 0.003 a The 6-31G** optimized geometry was used for all calculations. For this reason, SO2 results for STO-3G are different from those in Table 1 . b Basis set notations are those in Gaussian-94 program (ref 14) . STO-3G: 1s (H), 2s/1P (2nd row), 3s/2p (3rd row). 6-31G**: 2s/1p (H), 3s/2p/1d (2nd row), 4s/3p/1d (3rd row). 6-31++G**: 3s/1p (H), 4s/3p/1d (2nd row), 5s/4p/1d (3rd row). cc-pVTZ: 3s/2p/1d (H), 4s/3p/2d/1f (2nd row), 5s/4p/2d/1f (3rd row). AUG-cc-pVTZ: 4s/3p/2d (H), 5s/4p/3d/2f (2nd row), 6s/5p/3d/2f (3rd row). c Natural minimal basis set (NMB) in AUGcc-pVTZ NAO. d NMB in AUG-cc-pVTZ supplemented one d NAO function.
e NMB in AUG-cc-pVTZ supplemented one d and one s NAO functions.
by bond orders and bonds correlations are very different. Thus, in the intermediate state, the extra bonding interaction (bond 5 in TS) is negligibly small (I AB ) 0.025) and γ IJ values are all positive. At the TS, bond 5 has a bond order of 0.259 and the bonds correlations are similar to other TS cases (a) and (d). Figure 1e shows the Diels Alder [2 s + 4 s ] cycloaddition reaction. There has been some controversy about this reaction concerning whether the bond exchange takes place synchronously via a symmetric TS or favors the two-step process via a biradical intermediate state. 16 The structure in (e) corresponds to the synchronous pathway (the structure was optimized with symmetry constraints). The CACB shows a positive coupling, γ IJ (1, 2) ) 0.015, between the two forming bonds. This is similar to the nonadjacent bond correlations in ethane and ethylene molecules (Table 2 ). This indicates some synchronicity in the bond formation; i.e., the formation of one bond has the effect of slightly accelerating the formation of the other bond. The synchronicity of the overall process depends on how much the bond energies in the breaking bonds are compensated by those in forming bonds.
F. Similarity in Chemical Reactivity. To further study the similarity in the chemical reactivity, we considered insertion reactions depicted in Figure 1 . These results are shown in Table  6 . In eq 19, the second species is the coordinated complex and the third species is the TS of the reaction. In eq 19b the reaction proceeds to the stable metallacycle butane intermediate (fourth species), which is compared to the TS step.
Insertion of Molecular Hydrogen into a Ti-H Bond (Reaction 19a).
First we analyze the reactions separately. For net ) ) 0.474, showing some similarities among three reactions within the current data set. The ratios of 〈σ(P)〉 Atom /σ(P) are also shown in Table 6 , denoted by 〈σ(P)〉 N . These are computed to be 0.480 (initial), 0.370 (coordinated), and 0.408 (TS and intermediate).
The comparison of bond order descriptors is valid only when the bond orders are equivalent. They differ here because the M-Y bond could be a single bond (M-H or M-CH 3 ) or a double bond (MdCH 2 ). Also the Zr-Cp bond is of doublebond nature, while the Zr-Cl bonds are single bonds and the Ti-Cl bond is in between. Similarity of reactivity will be compared by the bond order index only when formal bond orders to be matched are consistent. Computed standard deviations for the I AB descriptor are less than the total standard deviation of I AB , but the ratio is somewhat higher than in the net atomic charge descriptor.
The bonds correlation descriptor seems to be a good similarity measure. Thus, the ratio 〈σ(γ IJ )〉 N shows the smallest values for all reaction steps. The decrease in sensitivity of descriptor as Q A > I AB > γ IJ reflects the hierarchy in the electronic description. The most sensitive descriptor, Q A , discriminates very similar molecules and reactivities, while the least sensitive descriptor (γ IJ ) can be used to determine class invariance properties.
In Table 6 we note that by grouping atoms into fragments as in eq 19, the intermediate state of eq 19b resembles other TS with negative γ IJ . This contrasts with the results in Figure 1 where the electronic structure descriptions are very different between the intermediate state and the TS species.
IV. Conclusion
We present a new approach for analyzing the chemical bond character in molecular systems. The CACB method describes the interaction between two bonds through the fourth-order density matrix. This correlation is positive for interactions between stable bonds and shows negative values for multicentered bonds in chemical reactions and nonclassical molecules.
In order to facilitate the use of these concepts to analyze wave functions, we have made available on the Internet the free use of our current analysis programs. 17 We ask that users send us summaries of their results and any improvements they make in the program.
Appendix. Derivation of the Contracted Density Operators
A.1. Definitions. This appendix presents the contractions of density operators required in the calculation of bond-bond correlation coefficients. 9 We consider here only single Slater determinant wave functions (i.e., RHF and UHF).
The atomic charge operator is defined by, where a and a j are covariant and contravariant basis, respectively, and satisfy the following commutation rules.
Required density components are computed by applying commutation rule and summing over occupied orbitals in the single determinant wave function 9
We will use the abbreviations in eq A4
For the closed-shell case, the P terms can be simplified to
Higher-order components are obtained as follows. We In eq A9, 〈HF′|HF′′〉 * 0 requires that the set of creation operators {i + ,j + , ..., m + } must correspond to the set of annihilation operators {l -,k -, ..., n -}. Thus, the surviving terms in eq A9 corresponds to all possible permutations of (i -,j -, ..., m -)
where P and P denote a permutation operator and the parity of the permutation, respectively. The n i is the occupation number, either 0 or 1, of the ith state. The parity of necessary permutations are given in Table 7 . This sort of derivation is straightforward but tedious to do by hand for higher-order terms. We used symbolic programming techniques to generate the computer codes in Fortran or C. ) P A P B P C P D -P A P B P CD -P A P D P BC -P A P C P BD -P C P D P AB -P B P D P AC -P B P C P AD + P A P BCD + P A P BDC + P B P ACD + P B P ADC + P C P ABD + P C P ADB + P D P ABC + P D P ACB + P AB P CD + P AC P BD + P AD P BC -P ABCD -P ABDC -P ACDB -P ACBD -P ADCB -P ADBC (A21) 
